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Definition 2.7.3. Sparse matrices

Given a strictly increasing sequences m : N — IN, 1 : N — N, a family (A"));cp of matrices
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struct TripletMatrix ({

& size t m,n; // Number of rows and columns
Fe s _— vector<size t> I; // row indices
}QQF\\ E%’ vector<size t> J; // column indices
\\Q<>\ / vector<scalar_t> a; // values associated with index pairs
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C++-code 2.7.7: Matrixxvector product y = Ax in triplet format

: : : : vector<scalar_t> val sizennz(A) := #{(i,j) € {1,...,n}% a;; # 0}
i |[void multTriplMatvec (const TripletMatrix &A . . : ' ' J
2 B e S R vector<size_t> col_ind  sizennz(A)
. vector<scalar_t> &y) ' vector<size_t> row_ptr sizen+1&row ptr(in+1]=nnz(A)+1
+| for (size_t k=0; k<A.a.size (); k++) { (sentinel value)
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SparseMatrix<double> Asp(1000,1000);& poulf & CCS = Igggm% mwa/}’& reall 2 Olecricp QMHQ“‘
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C++11-code 2.7.21: Accessing entries of a sparse matrix: potentially inefficient!

5 fore 6ﬂ‘f(wf( é)(,/ﬁ&}/% o sl:ivechr £ do. '

i lunsigned int rows, cols ,mMaxno—RRZ—per—Fow ;

n
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s [SparseMatrix<double, RowMajor> mat(rows, cols); E—

47,mat.reserve (RowVectorXi:: Constant(cols , max—rRe—nRRzZ—per—+ow) ) ; S

/(—F)‘I/JW sn ElGEN:

unsigned int row_idx = 2;
~unsigned int col_idx = 4;
~ double wvalue = 2.5;

5 | // do many (incremental) initializations ne
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7 mat.insert(i,j) = value ij; A A ) o
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8 mat.coeffRef(i,j) += increment_ij; —
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o | mat.makeCompressed () ;

~ Eigen::Triplet<double> triplet (row_idx,col_idx,value);

—std::cout << 7 (! << triplet.row() << ’,’ << triplet.col()

— << ' ,’ << triplet.value() << )’ << std::endl;
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Isq(A,b) := {x € R": xis a least squares solution of Ax = b} C R". (3.1.4)
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Definition 3.1.3. Least squares solution re&'d#@j\

For given A € K" b € K" the vector x € R" is a least squares solution of the linear system of ;

equations Ax = b, if {Ax, x € R }
- x € argmin|| Ay — b|, .
N oK Ax
N )

Ax —b|[, =@inf ||Ay — b||5"

N | Ax bl = @EIAT=b:
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* Theorem 3.1.9. Existence of least squares solutions )

Xl Q= Forany A € R™", b € R" a least squares solution of Ax = b (— Def. 3.1.3) exists.
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Lemma 3.1.21. Kernel and range of (Hermitian) transposed matrices

~ Forany matrix A € K™" holds ]

N(A)=RADE , N(A)F =R(AD).
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Theorem 3.1.10. Obtaining least squares solutions by solving normal equations

The vector x € IR" is a least squares solution (— Def. 3.1.3) of the linear system of equations
Ax = b, A € R"", b € R"™, if and only if it solves the normal equations

(ATAx=aTb]. @11
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Theorem 3.1.18. Kernel and range of A" A

— ForA € R"™" m > n, holds

(3.1.19)
(3.1.20)

Corollary 3.1.22. Uniqueness of least squares solutions

Ifm >nand N'(A) = {0}, then the linear system of equations Ax =b, A € R™", b € R" has
a unique least squares solution (— 3.1.3) -

x=(ATA)"'ATD, (3.1.23)

that can be obtained by solving the normal equations (3.1.11). .
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Definition 3.1.32. Generalized solution of a lineasr system of equations

The generalized solution x* € R” of a linear system of equations Ax = b, A € R"™", b € R", is

defined as

x' := argmin{||x||,: x € Isq(A,b)} . (3.1.33)
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VIATAVy=V'ATDb (3.1.36) - Theorem 3.1.37. Formula for generalized solution
! ) Given A € R™" b € R"™, the generalized solution x* of the linear system of equations Ax =bis
given by
x' =V(VTATAV) {(VTATD), B
\'"A AT A \' y| = B
where V is any matrix whose columns form a basis of N'(A)~.
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| Algorithm:  Normal equation method to solve full-rank least squares problem Ax = b

© Compute regular matrix C := A" A € R™",
® Compute right hand side vector ¢ := A 'b.
® Solve s.p.d. (— Def. 1.1.8) linear system of equations: Cx=c¢ — §28.13

p@S.OQD{Q. TCx = x A Ax= [[Axlf?' >0
A
x<0O
step @ costO(mn*) )
~step®:  cost O(nm) , B cost O(n’m +n’) form,n — oo .
step ®:  cost O(n’)
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